An analytic expression is proposed for the primitive-path length of entangled polymer chains. The expression is derived from statistical mechanics of a chain that is a random walk with randomly scattered entanglements. The only parameters are the number of Kuhn steps in the chain and a dimensionless parameter that contains information about the entanglement density and Kuhn step size. The expression is found to compare very favorably with numerical results recently found from examining topological constraints in microscopic simulations. The comparison also predicts well the plateau modulus of polyethylene, suggesting that the slip-link model is a viable intermediate in the search for true ab initio rheology predictions. Since the expression is analytic, it can be used to make predictions where the simulations cannot reach, and hence is applicable for coarse graining. DOI: 10.1103/PhysRevLett.100.188302 PACS numbers: 83.80.Sg, 81.05.Lg, 83.10.Kn Because the primitive path (PP) is a promising intermediate in the multiscale modeling of both linear and branched polymer chains in the entangled state, determination of its proper statistics is an outstanding problem in polymer melt rheology [1] . The long relaxation times exhibited by entangled polymers, particularly branched ones, make atomistic-level simulations of relaxation dynamics practically impossible. Therefore, current molecular models typically exist on a coarse-grained level, such as the sum of the distances between successive entanglements on the chain-the primitive-path length [2 -6].
Because the primitive path (PP) is a promising intermediate in the multiscale modeling of both linear and branched polymer chains in the entangled state, determination of its proper statistics is an outstanding problem in polymer melt rheology [1] . The long relaxation times exhibited by entangled polymers, particularly branched ones, make atomistic-level simulations of relaxation dynamics practically impossible. Therefore, current molecular models typically exist on a coarse-grained level, such as the sum of the distances between successive entanglements on the chain-the primitive-path length [2 -6] .
Hence the recent interest in finding the PP from atomistic simulations [7, 8] , or other dense-liquid simulations [9, 10] . These simulations are expensive to run, and only limited information can be obtained about the statistics of the PP distribution.
In modeling the relaxation of the arms of entangled starbranched polymers, Doi and Kuzuu [11] were likely the first to estimate the primitive-path potential. This estimate was accomplished by considering the one-dimensional problem of a Gaussian chain pulled at its ends by Maxwell demons. The strength of the demons is determined by the average length of the primitive path, which is itself fixed by the entanglement density. The Gaussian chain has a force that increases linearly with path length, and the demons have a constant force. Hence, the resulting potential is quadratic in PP length
where N K is the number of Kuhn steps in the arm; N e is the average number of Kuhn steps in an entangled strand, which is determined by the entanglement density; F is the free energy of the primitive path of length L and temperature T; Boltzmann's constant is given by k B , and L mp is the most-probable primitive-path length. The parameter was treated as an adjustable constant by Doi and Kuzuu and they found that 2=3 fit relaxation data for stars. Previously Doi and Edwards [12] pointed out that equilibrium random walk statistics for the chain require that 3=2. Results are extremely sensitive to the exact value of , since it appears as an exponent in the probability density for L. Subsequent attempts to estimate statistics for the primitive path have been from simulations. McLeish ( [13] , x 4.2.1) reviews lattice methods used to estimate the potential of the primitive path until 2002. In these on-lattice simulations, the entanglements were not found from the conformations of the chains themselves, but rather were mimicked by a superlattice whose size determines the entanglement spacing. However, in 2004, based on an idea of Edwards [14, 15] , Everaers et al. [9] showed that the entanglement density could be calculated from the chain conformations, and that the values agreed with the entanglement density estimated from the height of the plateau modulus measured from small-amplitude oscillatory shear flow experiments. They used an annealing algorithm that shrunk the chains (which are off lattice) by lowering the bonding energy while preserving topological constraints in the melt. Entanglement theories postulate that the dominant contribution to stress is from the entropy of the entangled strands, so that the plateau modulus G 0 N is proportional to the thermal energy k B T times the entangled strand density (the slip-link model has a prefactor of unity).
Those simulations were shown to lose about 15% of their entanglements [16] . Hence, later work refined this procedure, and examined more-detailed statistics of the primitive path, instead of only the entanglement density [7, 8, 17] . These later works showed good agreement with analytic statistics derived for a slip-link model [18] .
In parallel with this work, Shanbhag and Larson [10, 19] used the bond-fluctuation model (BFM) to estimate PP statistics. These are lattice simulations, but this time the chain-chain interactions were again used to find the entanglements, similar to the method introduced by Everaers et al. [9] . Their results were well approximated by a quadratic potential for the free energy, with the prefactor very close to 3=2, as predicted by Doi and Edwards. While Foteinopoulou, et al. [7] also found PP length statistics close to quadratic for atomistic simulation, they found a prefactor that varied with the average number of entanglements per chain, with values approaching 1 at large entanglement numbers. It is not clear why these two similar detailed simulations apparently give such qualitatively different results.
It is important to note that N e is a parameter in the tube theory, Eqn. (1), although both the atomistic simulations and the slip-link theory show that it is mildly dependent upon chain length.
While such atomistic or near-atomistic simulations presumably give the most accurate estimates of the primitivepath statistics, they do have additional shortcomings. First, they are computationally expensive. Second, they provide good statistics only where lengths are most likely near the average length hLi eq or the most-probable length L mp . In branched systems, however, the most important dynamics occur when L is extremely small, when all entanglements have been destroyed by deep fluctuations of the branch tip towards the branch point. These conformations are very rare, so statistics are difficult to obtain numerically. For example, if we assume that the potential is quadratic, the free energy for complete branch tip withdrawal is
hZi eq , where hZi eq is the average number of entangled strands per branch arm. Hence, even moderately entangled arms are extremely unlikely to relax. Therefore, analytic expressions for the primitive-path length statistics, or equivalently the free energy, are necessary for further coarse graining.
In this Letter we show that a thermodynamically consistent slip-link model can be used to find analytic results for the PP length statistics. The results are consistent with what is observed for atomistic simulations and BFM simulations. However, a discrepancy remains between bondfluctuation-model simulations [19] and atomistic simulations [7] in predicting the width of the potential well. Moreover, we show that the free energy is not quadratic in the important region of complete branch tip withdrawal, having important implications for tube models.
For the system of interest in this Letter (amorphous chains at equilibrium in an isotropic, homogeneous environment), we may assume that the chain's random walk statistics are well approximated by a Gaussian expression for the free energies of individual strands. Hence, the conformation for a whole chain is given by the modified Maxwell-Boltzmann relation [18] p eq fN i g; fQ i g;
where : exp ent =k B T is a parameter related to the entanglement density and is approximately equal to the average number of Kuhn steps per entanglement strand, N e , for well-entangled systems. The chemical potential ent conjugate to the number of entanglements Z ÿ 1, acts as a bath for entanglements on the mean-field chain. Consequently, depends upon chemical composition, temperature, and pressure, but, importantly, not on chain length. The atomistic simulations of [8] suggest that entanglements might show some repulsive force, but this is not included here.
The parameter J is a normalization constant (its exact expression depends on whether or not we assume that the Kuhn step numbers can be treated continuously). The fluctuating variables are the number of strands Z, the number of Kuhn steps N i in strand i, and the conformation Q i of strand i.
The PP length is then L P Z i1 jQ i j. Using this definition, one can calculate the distribution of PP lengths by using the expression [20] 
where integrals over dQ Z and dN Z represent Z threedimensional and Z one-dimensional integrals, respectively. If we assume that the number of Kuhn steps in a strand is discrete, then the integral over the fN i g should be replaced by summations. Unfortunately, if we insert Eq. (2) into Eq. (3), the integrations cannot be performed analytically to give a compact expression for the probability density p eq L. However, moments of L can be found analytically for continuous N i . If we multiply Eq. (3) by L n (where n 1; 2; . . . ), and integrate over all possible conformations using Eq. (2), we can obtain
Higher moments can also be found. We will use these expressions in the following to compare with the atomistic simulation results. If we are assuming that the free energy is quadratic, it is determined uniquely by the first and second moments, and the parameter can be estimated from our moment expressions above. Because the average number of Kuhn steps in an entangled strand N e hN i i eq depends on chain length, and because the number of entanglements is not accurately known in the atomistic simulations, it is better to write PRL 100, 188302 (2008) P
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Eqn. (1) as
We can then estimate within the quadratic approximation as L 2 mp 2N K hL 2 i eq ÿ hLi eq L mp ; quadratic free energy:
We checked the quadratic assumption for the free energy in the neighborhood around hLi eq by generating a large ensemble of slip-link chains with conformational statistics determined by Eq. (2) using an efficient algorithm described elsewhere [21] . In Fig. 1 we plot this numerically estimated cumulative probability PL :
and that from assuming a quadratic free energy, Eqs. (6) and (7),
Inset are the residuals. The cumulative distribution indeed looks very similar to the approximation. It appears that we can use the moments to estimate the complete distribution and therefore to estimate the parameter . Fitting the cumulative distribution is preferable to fitting the free energy (as was done in [10] ), since the uncertainty is much smaller and binning is unnecessary. We now use the slip-link model to analyze the simulations. In particular, we first wish to see if the atomistic simulations can predict the plateau modulus, whose dependence on the primitive-path length requires a model. We examine the first moment, hLi eq predictions (which we find to be nearly identical to L mp ) with the simulation results. In Fig. 2 we see very good agreement among the bond-fluctuation-model simulations of Shanbhag and Larson, the atomistic simulations, and theoretical predictions, by adjusting (independent of molecular weight).
Using the slip-link model to analyze the atomistic simulations, we can then predict that the plateau modulus of high-molecular-weight polyethylene at T 450 K should be G 0 N RT=M e 2RTcos 2 =2= 1C 1 M m 3:0 MPa, where M m is the molecular weight of a monomer, and is the chain bending angle. This agrees favorably with the experimentally determined value of 2.6 MPa at 413 K.
We now turn to the width of the potential. Foteinopoulou et al. [7] report estimates for in their Fig. 13 based on atomistic simulations. However, estimation of requires detailed knowledge of the number of entanglements, which cannot be determined unambiguously from the simulations. We therefore suggest using plots of the sort in Fig. 3 to compare results. We use the same values for chosen to fit the first-moment results. The atomistic simulations predict much higher values of , corresponding to narrower potentials. The published results of Foteinopoulou, et al. [7] were much closer to the theory than the results used here; causes for the discrepancy are unclear. On the other hand, the theoretical calculations above assumed that the number of Kuhn steps in a strand can be treated as a continuous variable; such an assumption is unnecessary, however, and its removal results in the empty squares for 4:36. We see nearly universal results independent of chain chemistry, which could otherwise affect our estimate for .
Since the BFM simulations of Shanbhag and Larson are not atomistic, their results cannot be compared with experimental data. However, they can be checked for agree- ment with the theory. These BFM results are put on the same two plots, shown by the filled squares. Previously, they had reported agreement with the Doi-Kuzuu result, 3=2. The difference here is that we do not treat N e hNi eq as a constant independent of chain size N K . Excellent agreement is seen between the theory and the moredetailed simulation results for both moments of the primitive path, with an estimate for 22.
An essential difference between the slip-link theory and traditional tube models involves fluctuations. The slip-link model treats the atomistic chain as a random walk on all length scales, and then scatters the entanglements randomly along the chain. This procedure leads to a distribution of entanglement number and entanglement spacing for monodisperse systems. The resulting distribution of Kuhn steps trapped between entanglements also leads to an average that depends on chain length. Previous analysis of atomistic simulations took only some of these fluctuations into account. Fortunately, the slip-link formalism allows a more consistent analysis.
Since the theory yields many analytic results, it can be used to make predictions where the simulations are not well suited. In particular, it would be practically impossible to examine statistics for a very short primitive-path length of even moderately long chains using atomistic models.
Whereas typical analysis using a quadratic assumption suggests a finite probability of zero path length, the sliplink theory predicts a zero probability: p eq L 0 0. This discrepancy is particularly problematic for tube theories of branched polymers. In tube theories, relaxation is complete only when the branch tip retracts completely back to the branch point, resulting in zero primitive-path length for that branch. One could argue that the tube model breaks down at such short lengths, and other physics should come into play. However, since these smalllength-scale dynamics are not accounted for in tube theory, extrapolation to zero primitive-path length is akin to hoping for a cancellation of two errors.
No such hope is required for the slip-link theory for two reasons. First, complete relaxation of a branch is possible for finite primitive-path lengths; relaxation occurs whenever the final entanglement is destroyed near the branch point. Second, straightforward statistical mechanical calculations show no significant entropic penalty for a branch point to slide through an entanglement. Hence, in the sliplink theory, the branch point could retract significantly into the interior of the chain, leading to a lowered entropic penalty for total branch relaxation. These ideas will be examined quantitatively in future work utilizing the sliplink theory.
Finally, the analytic expressions found here for the moments of the primitive path might be useful ingredients to a further coarse-grained model in branched systems.
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